Juan Andrés Cabral

Cobb-douglas concavity

Given the following function:
y = (1) (22)"
where «, 3 are positive and «a, 8 < 1.

1. Show it is quasi-concave.

2. Show that if @ + 8 > 1 then the Cobb-Douglas function is not concave (which shows that not all
quasi-concave functions are concave).
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Solutions

1. Taking the first derivatives

f1=azS el
fo = paiay!

Taking the second derivatives
fi1 = ala—1)z¢ 228 <0
faz = B(B ~ Dafas * <0

fi2 = fo1 = aﬁw(fﬁlxgil >0

The quasiconcavity condition can be determined by the sign of the determinant of a bordered hessian
matrix. The bordered Hessian is given by:

) 0 fi [
H=\fi fu fie
f2 fa fa

And its determinant is:
det(H) = — f1(fifa2 — fofor) + fo(fifiz = finfo) = —fi foa + fofifor + fofi iz — f3 f1a
det(H) = —f7 foo + 2faf1.fo1 — f3f11

For a function to be quasi-concave, the determinant of the bordered Hessian matrix should be positive:

det(H) = —ff foo + 2fof1fo1 — f3f11 >0

Which is true in this case since all those terms are positive.

2. A function is concave if and only if the hessian is negative semidefinite, the hessian matrix is:

Ji1 o fie
H =
[f 21 fao
And is negative semidefinite if
J11 <0

And
det(H) = fi1faz — [T > 0
Replacing with the values from the cobb-douglas:

ala—1)z8225 <o

But:
firfoe — fi = aBla — 1)(8 — 12322237 7% — o?p22d* 22302

fiifoo — [ = a?B(8 — 1)a* 223" — aB(B — 1)21* 223 7 — a?p22i* 23

20—2 2B—2 20—2 2B—2 20—2 2B—2 20—2 2B-2 20—2 2B—2
f11f22—f122 :04252331a 552/3 _0425331a xzﬂ _0‘521”1a xzﬁ +afry” 172B _O‘2ﬂ2$1a 5'326

2 25, 20—2, 262 2 2a-2 26-2 20-2, 262 2 20-2 28-2
Fiifor — f5 = —a?Ba207 223072 _ o f2020 242072 L 220722072 = a2l (1 — o — )

which is negative for g+ a > 1.
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